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Abstrat
We investigate (pseudo)dierential forms in the framework of supergeometry. Denitions, basi properties
and Cartan alulus (DeRham dierential, Lie derivative, inner produt, Hodge operator) are presented;
the sympleti supermehanis (even and odd) is formulated; and the question of quantization is disussed.
In the framework of supermehanis, we investigate also lassial Hamiltonian systems onverting to SUSY-
QM after quantization.
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1 Introdution
Supergeometry is surely an interesting and fruitful branh of mathematis with a variety of pow-
erful appliations in modern theoretial physis, in partiular in SUSY, supergravity and super-
strings. From a purely mathematial point of view, supergeometry is a natural extension of the
ordinary dierential geometry by Grassmann variables. Suh anti-ommuting extensions repre-
sent an essential and inspiring feature of all supermathematis. The rst "supermathematiian"
was undoubtedly Russian mathematiian F. A. Berezin, who formulated the main priniples of
supermathematis (see his famous book [1℄). In present days there is a lot of books and artiles
about supergeometry and its appliation in physis, but beause our aim is not to desribe all
historial irumstanes, we refer only to a few of them [1℄-[8℄ (see also referenes therein).
Dierential forms and Cartan alulus are very eetive tools of theoretial physis. It is
well known that nine tenths from lassial physis may be formulated and investigated from the
geometrial point of view. The supergeometrial generalization is therefore very useful when
desribing systems with both bosoni and fermioni degrees of freedom. The supermathematis
(inspired by the physis) is a right tool to do this rigorously. The aim of this paper is to present
a very short exposition on pseudodierential forms (roughly speaking dierential forms on an
arbitrary supermanifold) and related Cartan alulus. It will be shown that suh objets are just
funtions on another (bigger) supermanifold, therefore they are very easy to handle. All standard
geometrial operations will be enoded into distinguished vetor elds whereupon the alulus will
beome simple and beautiful.
1
2 Pseudodierential forms
It is well known (for more details see [2℄) that the pseudodierential forms on arbitrary smooth
m|n-dimensional supermanifold M are dened as funtions on ΠTM (odd tangent bundle). The
standard dierential operations on the forms (DeRham dierential, Lie derivative, inner produt)
are identied with speial supervetor elds on ΠTM. To obtain their exat expressions we use
the fruitful idea of Maxim Kontsevih, who pointed out that (see [9℄)
ΠTM ≡ { supermaps: R0|1 →M} . (1)
The supergroup Di (R0|1) denes via its natural right ation
ΠTM×Di (R0|1)→ ΠTM (F, g) 7→ F ◦ g
the left invariant (fundamental) vetor elds Q, E ∈ X(ΠTM). Their expression in arbitrary loal
oordinates (xi, ξα;ψi, yα) = (xi, ξα; dxi, dξα) overing the odd tangent bundle (i = 1, . . . ,m and α =
1, . . . , n) is very simple, namely
Q = ψi∂xi + y
α∂ξα DeRham dierential , (2)
E = ψi∂ψi + y
α∂yα Euler eld . (3)
Throughout the paper, we use left derivatives with respet to Grassmann variables and Einstein's
summation onvention. The Euler vetor eld "measures" the degree of homogenity of pseudod-
ierential forms under the supergroup ation, therefore the superalgebra C∞(ΠTM) has also a
Z-graded struture. A diret alulation gives the (super)ommutation relations in the superalge-
bra di (R0|1)
[Q, Q] = 2Q2 = 0 , (4)
[E, E] = 0 , (5)
[E, Q] = Q . (6)
Now we shall very briey sketh the genesis of Lie derivatives and inner produt on pseudodier-
ential forms under some vetor eld V = V i(x, ξ)∂xi+V
α(x, ξ)∂ξa = V (x
i)∂xi+V (ξ
α)∂ξα ∈ X(M).
The Lie supergroup Di (M) ats on the supermanifold ΠTM,
Di (M)×ΠTM→ ΠTM (g, F ) 7→ g ◦ F ,
and therefore for arbitrary element V of the superalgebra di (M) = X(M) = Der (C∞(M))
we have some vetor eld V ↑ dened on ΠTM. Notation V ↑ reets the obvious fat that we
have lifted the vetor eld V from the supermanifold M to ΠTM. A straightforward oordinate
omputation
1
gives
V ↑ = V (xi)∂xi + V (ξ
α)∂ξα + (−1)V˜Q(V (xi))∂ψi + (−1)V˜Q(V (ξα))∂yα . (7)
The proedure of lifting vetor elds preserves parity, V˜ ↑ = V˜ .
1
In the ase of an odd vetor eld (V˜ = 1) it is neessary to onsider the superow (homomorphism of the
supergroups R
1|1
and Di (M)), whose innitesimal (∆t,∆ǫ) version in the oordinates is
(xi; ξα) 7→
(
xi +∆ǫV (xi) +
∆t
2
[V, V ](xi); ξα +∆ǫV (ξα) +
∆t
2
[V, V ](ξα)
)
.
2
Apart from this natural lifting onstrution it is also possible to assign to any V ∈ X(M)
ertain vetor eld V↑ on ΠTM suh that V˜↑ = V˜ + 1 and
[V↑, Q] = V ↑ . (8)
Obviously, the oordinate expression for V↑ is
V↑ = V (xi)∂ψi + V (ξ
α)∂yα . (9)
It is easy to onrm the validity of superommutations relations
[E, V ↑] = 0 , [E, V↑] = −V↑ ,
[V ↑, Q] = 0 , [V ↑, W ↑] = [V, W ]↑ ,
[V↑, W↑] = 0 , [V ↑, W↑] = [V, W ]↑ .
(10)
The vetor elds V ↑ orresponds to the Lie derivative LV (with respet to V ), whereas V↑ orre-
sponds to the inner produt iV (with V ). The equation (8) is the famous Cartan formula.
An arbitrary pseudodierential form is a funtion on the supermanifold ΠTM and therefore
it may be expressed in any loal oordinates as
f = f(x, ξ, ψ, y) =
∑
β≥0
k≥0
∑
α1,...,αβ
i1,...,ik
fα1,...,αβ ,i1,...,ik(x, y)ξ
α1 . . . ξαβψi1 . . . ψik , (11)
where the ordinary real (omplex) valued funtions fα1,...,ik(x, y) are skew-symmetri in the indies
α1, . . . , ik. The Berezin integral (for more details see [1℄,[2℄) of a funtion f on ΠTM,
I[f ] :=
∫
M
dxdξ
∫
Rn|m
dψdy f(x, ξ, ψ, y), (12)
denes the integral of the pseudodierential form f over M. It is lear that suh integral is not
well dened for all elements of C∞(ΠTM), beause the supermanifold Rn|m (the typial ber in
the bundle ΠTM→M) is not ompat. The oordinate transformation on the supermanifold M
(xi, ξα) 7→ (X i(x, ξ),Ξα(x, ξ)) indues the orresponding transformation on ΠTM,
(xi, ξa;ψi, yα) 7→
(
X i,Ξα; Ψi = ψk
∂X i
∂xk
+ yβ
∂X i
∂ξβ
, Y α = ψk
∂Ξα
∂xk
+ yβ
∂Ξα
∂ξβ
)
.
Its berezinian is equal to unity, therefore the integral dened in (12) is oordinate independent.
It is also possible to dene (at least formally) Hodge ∗ operator ating on pseudodierential
forms. As in the ase of ordinary dierential forms, the essential ingredient to dene Hodge
∗ operator is metri. The metri may be introdued on an arbitrary m|n-dimensional smooth
supermanifold M (in partiular, on an ordinary manifold M) as an even regular (non-degenerate)
quadrati funtion at the tangent bundle TM
G(x, ξ, z, σ) = (zi, σα)
(
gij(x, ξ) Γiβ(x, ξ)
Γαj(x, ξ) hαβ(x, ξ)
)(
zj
σβ
)
. (13)
The non-degeneray ondition reads
Ber G = det (gij − Γiβ(hαβ)−1Γαj)det (hαβ)−1 6= 0 . (14)
3
The transformation of loal oordinates on the supermanifold M and the transformation of the
oordinates (xi, ξα, zi, σα) on TM are oupled by
(xi, ξa; zi, σα) 7→
(
X i,Ξα;Zi = zk
∂X i
∂xk
+ σβ
∂X i
∂ξβ
,Σα = zk
∂Ξα
∂xk
+ σβ
∂Ξα
∂ξβ
)
.
Let us emphasize that non-degeneray of G implies that the even skew-symmetri matrix hαβ
is invertible, onsequently, m|n-dimensional supermanifold M may be Riemannian only if n is
even (this fat is strongly reminisent of the situation in sympleti geometry). For the fun-
tions on ΠTM (pseudodierential forms on M) the Hodge star operator is dened via Fourier
transformation in the "bre variables" ψi and yα, namely
(∗f)(x, ξ, ψ, y) :=
∫
Rn|m
dψ′dy′√
Ber G
f(x, ξ, ψ′, y′) e−ı〈ψ
′,y′|ψ,y〉G , (15)
where the symbol 〈ψ′, y′|ψ, y〉G denotes the "salar produt" with respet to the metri G
〈ψ′, y′|ψ, y〉G := (ψ′i, y′α)
(
gij Γiβ
Γαj hαβ
)( −ψj
yβ
)
. (16)
A straightforward alulation shows that the denition of Hodge ∗ operator is independent on the
hoie of oordinates, and for ordinary forms it gives a multiple of standard ∗g. As above, the
non-ompatness of the bre Rn|m implies that ∗ is dened only for funtions that are behaving
well in the variables yα at innity, for example for the funtions with ompat support.
3 Fröliher-Nijenhuis brakets
In this setion we will onsider only an ordinary (real) smooth m-dimensional manifold M . It
has been shown that exterior algebra of dierential forms Ω(M) is in one to one orrespondene
with C∞(ΠTM). The supergroup Di (R0|1) denes via its ation on C∞(ΠTM) also a Z-graded
struture on the Lie superalgebra X(ΠTM) = Der (C∞(ΠTM)), namely
V ∈ X(k)(ΠTM)⇔ [E, V ] = k V =: deg (V )V . (17)
The vetor elds from X
(k)(ΠTM) enode, from the ordinary point of view, the derivations of
Ω(M) of degree k, and moreover, from the (super)Jaobi identity it is lear that deg ([V, W ]) =
deg (V )+deg (W ). The derivations of Ω(M) ommuting with DeRham deferential are represented
by speial vetor elds from X(ΠTM) that ommute with Q. The Lie subsuperalgebra of suh
derivations will be denoted XQ(ΠTM) (the (super)Jaobi identity states that superommutator
of two Q-invariant vetor elds is again Q-invariant). The obvious oordinate expression for
VA ∈ X(k)Q (ΠTM) is
VA = A
i(x, ψ)∂xi + (−1)kQ(Ai(x, ψ))∂ψi , (18)
where Ai(x, ψ) are funtions on ΠTM with the degree of homogenity k (dierential forms of kth
degree). Using (8) it is possible to assign to any Q-invariant vetor eld VA of degree k another
vetor eld vA ∈ X(k−1)(ΠTM) (roughly speaking "potential of VA"), suh that
vA = A
i(x, ψ)∂ψi = A
i
j1,...,jk
(x)ψj1 . . . ψjk∂ψi . (19)
There is a unique orrespondene between X
(k)
Q (ΠTM) and total skew-symmetri tensor elds
of type
(
1
k
)
on manifold M , beause any suh tensor A is ompletely haraterized by a set of
4
omponent funtions Aij1,...,jk(x). We dene the Fröliher-Nijenhuis brakets between two suh
tensors A, B of ranks
(
1
k
)
,
(
1
l
)
respetively by the superommutator of orresponding vetor elds,
namely
[VA, VB ] =: V{A,B}NB . (20)
All properties of the Fröliher-Nijenhuis brakets may be obtained from the dening equation (20)
and from the properties of the superommutator (for more details see Nijenhuis pioneering work
[10℄).
4 Sympleti supermehanis
The Cartan alulus is undoubtedly a useful tool in modern theoretial physis. A very nie and
simple example of its appliation is the sympleti formulation of Hamiltonian mehanis (see
for example [11℄,[12℄). Our next task is formulation and brief desription of the supersymmetri
extension (via pseudodierential forms) of ordinary Hamiltonian mehanis, and quantization of
the extended theory. In the general Poisson setting this has been done in [13℄-[17℄.
The supermanifold M, endowed with a partiular funtion (pseudodierential form) Ω ∈
C∞(ΠTM), is alled
even-sympleti:
if dim(M) = 2m|n ;
Ω˜ = 0 ;
Q(Ω) = 0 (losedness) ;
E(Ω) = 2Ω (Ω is 2-form) ⇒
Ω is regular polynomial
(non-degenerate) of 2-nd
degree in ψ, y .
odd-sympleti:
if dim(M) = m|m ;
Ω˜ = 1 ;
Q(Ω) = 0 (losedness) ;
E(Ω) = 2Ω (Ω is 2-form) ⇒
Ω is regular polynomial
(non-degenerate) of 2-nd
degree in ψ, y .
The presene of a sympleti struture on the supermanifoldM allows us to dene Poisson brakets
on C∞(M): for arbitrary homogeneous funtion (in the sense of parity) f ∈ C∞(M) ⊂ C∞(ΠTM),
we dene the Hamiltonian vetor eld ζf ∈ X(M) by the ondition
ζf ↑ Ω = −(−1)f˜Q(f) . (21)
It is evident that ζ˜f = f˜ + Ω˜ and the assignment f 7→ ζf is R-linear. The orresponding Poisson
brakets are
{f, g}Ω˜ := ζf ↑ζg↑ Ω(−1)Ω˜+g˜ = ζ↑f g(−1)Ω˜+1 = ζf g(−1)Ω˜+1 . (22)
Following formulas are valid
˜{f, g}Ω˜ = f˜ + g˜ + Ω˜ , (23)
ζ{f, g}
Ω˜
= [ζf , ζg] , (24)
{f, g + h}Ω˜ = {f, g}Ω˜ + {f, h}Ω˜ , (25)
{f, g}Ω˜ = −{g, f}Ω˜(−1)(f˜+Ω˜)(g˜+Ω˜) , (26)
{f, gh}Ω˜ = {f, g}Ω˜h+ g{f, h}Ω˜(−1)(f˜+Ω˜)g˜ , (27)
0 = {f, {g, h}Ω˜}Ω˜(−1)(f˜+Ω˜)(h˜+Ω˜) + yli permutations . (28)
Observables of supermehanis are by denition funtions on M; C∞(M) is Z2-graded ommuta-
tive algebra and at the same time Lie superalgebra, and the ompatibility of these two strutures
is guaranteed by the graded Leibniz rule (27).
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To dene the dynamis we need the Hamiltonian H ∈ C∞(M) (homogeneous element in
the sense of parity). The (super)time evolution is generated by (super)ow Φ(t,ǫ)(ζH) of the
orresponding Hamiltonian vetor eld ζH ; the general formula for the pull-bak of the (super)ow
on the observables is
f 7→ f(t,ǫ) :=
{
e−tζ
↑
Hf when H˜ + Ω˜ = 0 ,
e
−ǫζ↑
H
− t
2
ζ
↑
{H,H}
Ω˜ f when H˜ + Ω˜ = 1 .
(29)
It is onvenient to rewrite the integral formula for the (super)time
2
evolution (29) into a dierential
one. This amounts to writing down the Hamiltonian equations of motion
if H˜ + Ω˜ = 0 then {H, f}Ω˜(−1)Ω˜ = ∂tf , (30)
if H˜ + Ω˜ = 1 then {H, f}Ω˜(−1)Ω˜ = (∂ǫ + ǫ∂t)f . (31)
The question of symmetry of the Hamiltonian system (M, Ω, H) is also very simple: vetor eld
V ∈ X(M) is a Cartan symmetry if V ↑ Ω = 0 = V ↑H . If moreover there exists some funtion
F ∈ C∞(M) for whih V↑ Ω = −(−1)F˜Q(F ), then we all V an exat Cartan symmetry and the
funtion F is a onserved quantity.
The quantization with a given sympleti struture may be performed by the famous Fedosov
onstrution [18℄, well known from deformation quantization theory, whih for the simplest ase
(at phase spae, disussed in more detail below) oinides with the Wigner-Moyal-Weyl quanti-
zation (for more detail see [19℄).
Quantization of even supersympleti strutures: We shall sketh shortly the quantization
proedure for supermanifold M = R2m|n (equipped with global oordinates (x1, . . . , xm, xm+1 =
p1, . . . , x
2m = pm; ξ
1, . . . , ξn)), the superanalog of ordinary phase spae, endowed with the sym-
pleti struture (pseudodierential form)
Ω = ψiπi − 1
2
gαβy
αyβ = dxi ∧ dpi − 1
2
gαβdξ
α ∧ dξβ , (32)
where gαβ = diag(+1, . . . ,+1,−1, . . . ,−1). This is a natural extension of the anonial 2-form
ω = dxi∧dpi on R2m. It is not so diult to prove that the famous Darboux theorem, well known
from standard sympleti geometry (see for example [20℄), is valid in supersympleti ase, too,
so that an arbitrary 2m|n-dimensional even sympleti supermanifold M is loally isomorphi to
R2m|n with the sympleti form (32). Let us stress that even "supersympletiity" (ontrary to
"supermetriity") does not lead to any restrition on n. The orresponding oordinate Hamiltonian
vetor elds
ζxi = ∂pi , ζpi = −∂xi , ζξα = −gαβ∂ξβ , (33)
determine elementary Poisson brakets
{xi, xj} = 0 {pi, pj} = 0 {pi, xj} = δji ,
{xi, ξα} = 0 {pi, ξα} = 0 {ξa, ξβ} = gαβ . (34)
The anonial operator quantization is equivalent, via Weyl isomorphism, to quantization with
operator symbols (ordinary funtions on the phase spae) and vie versa, with the operator produt
2
We see that superow fores us to extend the ordinary evolution of lassial mehanis in t ∈ R (additive Lie
group) to superevolution in (t, ǫ) ∈ R1|1 (one of the simplest Lie supergoups). The multipliation in R1|1 is given
by (t, ǫ) · (t′, ǫ′) = (t+ t′+ǫǫ′, ǫ+ǫ′), with the neutral element e = (0, 0) and the inverse element (t, ǫ)−1 = (−t,−ǫ).
Lie superalgebra r
1|1
is generated by vetor elds V0 = ∂t and V1 = ∂ǫ + ǫ∂t obeying [Vi, Vj ] = 2ijV0.
6
replaed by the star produt
3
f ⋆ h = fh+
ı~
2
{f, h}+ o(~)
= fh+
ı~
2
(
∂f
∂pi
∂h
∂xi
− ∂f
∂xi
∂h
∂pi
+ (−1)f˜+1 ∂f
∂ξα
gαβ
∂h
∂ξβ
)
+ o(~) , (35)
and the superommutator [fˆ , hˆ]∓ is in one to one orrespondene with a star (super)braket
{f, h}⋆∓ := f ⋆ h∓ h ⋆ f . The "star produt tehnique" leads to the anonial superommutation
relations
[xˆi, xˆj ]− = 0 , [pˆi, pˆj ]− = 0 , [pˆi, xˆj ]− = ı~δ
j
i ,
[xˆi, ξˆα]− = 0 , [pˆi, ξˆα]− = 0 , [ξˆα, ξˆβ ]+ = ı~gαβ .
(36)
The appropriate Hilbert spae for suh QM is L2(Rm, dµ) ⊗ Cd, d = 2[n2 ], and the dynamial
equations (in Heisenberg piture) oinide with (30), (31) if we put Ω˜ = 0 and replae {. , .}Ω˜ by
[. , .]∓. Now we are ready to present simple examples.
SUSY-QM : In order to simplify the exposition we put gαβ = δαβ , m = 1 and n = 2 (it is
well known from the theory of Cliord algebras [21℄ that for all even n and all metris gαβ the
properties of the algebras are similar). The superommutation relations (36) are represented in
the Hilbert spae L2(R, dx)⊗ C2 by the operators
xˆ = x , pˆ = ı~
d
dx
, ξˆ1 =
√
~
2
(
0 ı
1 0
)
, ξˆ2 =
√
~
2
(
0 1
ı 0
)
. (37)
It is onvenient to form from self-adjoint operators xˆ and pˆ the bosoni ladder operators
b =
1√
2~
(xˆ− ıpˆ) , b† = 1√
2~
(xˆ + ıpˆ) , (38)
and analogially, from anti-self-adjoint operators ξˆα = ı(ξˆα)† (α = 1, 2) the fermioni ladder
operators
f =
1√
2~
(ξˆ1 − ıξˆ2) , f † = 1√
2~
(ξˆ2 − ıξˆ1) . (39)
The general even lassial Hamiltonian quadrati in the momentum p is of the form
H =
1
2
(p2 + V 21 (x)) + V2(x)ξ
2ξ1 . (40)
The most interesting ase is V2(x) = ±V ′1(x), beause then there exist odd onserved quantities
({H, q} = 0)
q1± = pξ1 ∓ V1(x)ξ2 , q2± = pξ2 ∓ V1(x)ξ1 , (41)
suh that
{qi+, qj+} = 2δijH+ , {qi−, qj−} = 2δijH− , (42)
where
H± =
1
2
(p2 + V 21 (x)) ± V ′1(x)ξ2ξ1 .
The orresponding Hamiltonian vetor elds ζq generate a speial kind of internal (exat Cartan)
symmetry, whih turns into supersymmetry on quantum level. Quantization proedure leads to
the Hamiltonian
Hˆ± =
1
2
(
pˆ2 + V 21 (xˆ)± ~V ′1(xˆ)σ3
)
, (43)
3
whih denes the so alled quantum deformation of the lassial spae of observables
7
whih is the famous Witten's Hamiltonian for the SUSY-QM (proposed in [22℄,[23℄ and studied in
[24℄,[25℄). The operators Qˆi± = 1√
ı~
qˆi± are odd generators of quantum supersymmetry
[Qˆi+, Qˆj+]+ = 2δijHˆ+ , [Qˆi−, Qˆj−]+ = 2δijHˆ− . (44)
Very nie and pedagogial artiles about SUSY-QM may be found in [26℄, [27℄ (see also [28℄, where
SUSY-QM is built from lassial mehanis in a Lagrangian framework).
Spin
1
2 partile: Another important example is g
αβ = δαβ , m = 3 and n = 3. The operator
realization of (36) is for even variables the same as in (37), while odd variables are represented by
the operators
ξˆα =
√
ı~
2
σα α = 1, 2, 3 , (45)
where σα are Pauli matries (for a general odd n the same is true with the σ's replaed by the
generators of orresponding Cliord algebra). Classial even Hamiltonian
H =
1
2m
(~p+ q ~A)2 + qϕ+ g˜
q
2m
∂Aβ
∂xα
ξαξβ , (46)
orresponds after quantization to the well known Pauli Hamiltonian, whih desribes non-relativisti
spin
1
2 partile with harge q, massm and Landé g˜-fator in an external eletromagneti eld (more
details about quantum mehanis related to Pauli equation ould be found e. g. in [29℄). For
the Hamiltonian (46) and a purely magneto-stati eld desribed by the vetor potential
~A it is
possible to nd a lassial odd onserved quantity
Q =
1√
m
(pµ + qAµ)
(
ξµ + q(g˜ − 2) ǫ
µαβ∂xαAβ
2(~p+ q ~A)2
ξ1ξ2ξ3
)
, (47)
whih obeys {Q, Q} = 2H . The orresponding Hamiltonian vetor eld ζQ is an exat Cartan
symmetry (more details about supersymmetry related to Pauli equation in spei ongurations
of magneti eld see in [30℄).
Quantization(?) of odd supersympleti strutures: The Darboux theorem for odd sym-
pleti strutures (for more details and a proof see [31℄, [32℄) states that an arbitrary m|m-
dimensional odd sympleti supermanifold M is loally isomorphi to Rm|m (desribed by global
oordinates (x1, . . . , xm, ξ1, . . . , ξm)) with the odd sympleti struture
Ω = δiαψ
iyα = δiαdx
i ∧ dξα . (48)
The oordinate Hamiltonian vetor elds
ζxi = −δiα∂ξα , ζξα = δαi∂xi , (49)
dene elementary Poisson brakets (one usually refers to the Poisson brakets for odd sympleti
strutures as Buttin brakets)
{xi, xj} = 0 , {ξa, ξβ} = 0 , {ξα, xi} = δαi . (50)
The well known and simplest example of an odd sympleti (Poisson) supermanifold is ΠT ∗M
(the odd otangent bundle assoiated to T ∗M by hanging parity in bres). Funtions on ΠT ∗M
orrespond to multivetor elds on the manifoldM and Poisson braket of two funtions is dened
as Shouten braket of ongruent multivetor elds.
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It is not fully lear (at least for us) what exatly means the "quantization" of odd sympleti
strutures. It is possible to adopt the quantization shema from the even ase, deforming the
algebra C∞(Rm|m) by introduing the assoiative ⋆ produt
f ⋆ g := fg + {f, κg} = fg + κ
(
∂f
∂ξα
δαi
∂g
∂xi
+ (−1)f˜ ∂f
∂xi
δiα
∂g
∂ξα
)
, (51)
with odd deforming parameter κ in order to preserve parity. Unfortunately, suh assoiative
star produt is Z2-graded ommutative and it may be proved (see [33℄) that the ⋆ produt and
the ordinary (exterior) produt are equivalent
4
. It was shown by P. evera (for more details
see [34℄) that an odd Poisson struture (in partiular, an odd sympleti struture) on arbitrary
m|m-dimensional smooth supermanifold M may be used to deform/quantize the algebra of pseu-
dodierential forms over M.
Let us stress, nally, that odd sympleti struture is a ruial ingredient of Batalin-Vilkovisky
formalism (for more details see [35℄,[36℄), whose geometrial bakground is disussed in [32℄,[37℄-
[40℄.
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